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Abstract In this paper, we define the notion of sigma-
approximate module amenability of Banach algebras and
give some properties about this notion. Also for Banach A-
bimodule A, and J , the closed ideal of A generated by
elements of form ða  aÞb aðb  aÞ, ða; b 2 A; a 2 AÞ,
we considered some corollaries about br-approximate
amenability of AJ as a Banach A-bimodule, where br : AJ !
A
J by brðaþ J Þ ¼ rðaÞ þ J has a dense range.
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Introduction
The concept of module amenability for Banach algebras
was introduced by Amini [1]. Let A and A be Banach
algebras such that A is a Banach A-bimodule with the
following compatible actions:
a  ðabÞ ¼ ða  aÞb and ðabÞ  a ¼ aðb  aÞ;
for all a; b 2 A, a 2 A. Let X be a Banach A-bimodule
and a Banach A-bimodule with compatibility of actions:
a  ða  xÞ ¼ ða  aÞ  x and a  ðx  aÞ ¼ ða  xÞ  a;
for all a 2 A, a 2 A, x 2 X , and the same for the other side
actions. Then, we say that X is a Banach A-A-bimodule. If
moreover, a  x ¼ x  a, ða 2 A, x 2 XÞ, then X is called a
commutative A-A-bimodule. Note that, when A acts on
itself by algebra multiplication from both sides, it is not in
general a Banach A-A-bimodule because A does not sat-
isfy a  ða  bÞ ¼ ða  aÞ  b, ða 2 A; a; b 2 AÞ [1].
If A is a commutative A-bimodule and acts on itself by
algebra multiplication from both sides, then it is also a
Banach A-A-bimodule. Also, if A is a commutative
Banach algebra, then it is a commutative A-A-bimodule.
Now suppose that X be an A-A-bimodule, then a con-
tinuous map T : A ! X is called an A-bimodule map, if
Tða  bÞ ¼ TðaÞ  TðbÞ and Tða  aÞ ¼ a  TðaÞ and
Tða  aÞ ¼ TðaÞ  a, for each a 2 A; a; b 2 A. The space of
all A-bimodule maps T : A ! X such that
TðabÞ ¼ TðaÞTðbÞ, ða; b 2 AÞ, is denoted by HomAðA;XÞ:
Also we denote HomAðA;AÞ, by HomAðAÞ:
Let A and A be as above and X be a Banach A-A-
bimodule. A bounded A-bimodule map D : A ! X is
called a module derivation if
DðabÞ ¼ DðaÞ  bþ a  DðbÞ; ða; b 2 AÞ:
D is not necessary linear, but its boundedness implies its
norm continuity, because it preserves subtraction. When X
is commutative A-A-bimodule, each x2 X defines a
module derivation
dxðaÞ ¼ a  x x  a; ða 2 AÞ;
which is called an inner module derivations.
Let A be a Banach A-bimodule and r 2 HomAðAÞ: A
r-module derivation from A into a Banach A-bimodule X
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is a bounded A-bimodule map D : A ! X satisfying
DðabÞ ¼ rðaÞ  DðbÞ þ DðaÞ  rðbÞ; ða; b 2 AÞ:
When X is commutative A-A-bimodule, each x 2 X
defines a r-module derivation
drx : A ! X ; drx ðaÞ ¼ rðaÞ  x x  rðaÞ; ða 2 AÞ;
which is called a r-inner module derivation.
r-Approximate module amenability
We start this section with definition of sigma-approximate
module amenability, then we consider some hereditary
properties of this concept.
Definition 1 Let A be a Banach A-bimodule and
r 2 HomAðAÞ. We say that A is a r-approximately
module amenable ðr-(AMA)Þ, if for each commutative
Banach A-A-bimodule, X , every r-module derivation D :
A ! X is r-approximately inner, i.e, there is a net
ðxiÞi2I 2 X such that DðaÞ ¼ limi drxiðaÞ ¼ limi rðaÞxi
xirðaÞ, ða 2 AÞ. Also we say that A is a r-approximately
module contractible ðr ðAMCÞÞ, if for each commutative
Banach A-A-bimodule, X , every r-module derivation D :
A ! X is r-approximately inner.
The two following results is the r-approximate version
of [1, Proposition 2.1] and [5], respectively.
Proposition 2 Let A be a Banach A-bimodule and
r 2 HomAðAÞ. Suppose that A has a bounded approxi-
mate identity and A is r-approximately amenable. Then A
is r-(AMA):
Proof Let X be a commutative A-A-bimodule and D :
A ! X be a r-module derivation. By [1, Proposition
2.1], D is a r-derivation, i.e, D is C-linear. Now since A is
r-approximately amenable, A is r-(AMA). h
Proposition 3 Let A be an essential left Banach A-bi-
module and r 2 HomAðAÞ. If A is r-approximately
amenable, then A is r-(AMA).
Proof Let X be a commutative A-A-bimodule and D :
A ! X be a r-module derivation. Since A is an essen-
tial left Banach A-bimodule, D is C-linear [5]. Now since
A is r-approximately amenable, D is r-approximately
inner and thus A is r-(AMA). h
Proposition 4 Let A be a Banach A-bimodule and
r 2 HomAðAÞ. If A is r-(AMA), then A is
ðk  r; l  rÞ-(AMA), for each k; l 2 HomAðAÞ.
Proof Let X be a commutative A-A-bimodule and D :
A ! X be a ðk  r; l  rÞ-module derivation. Then X is
an A-module derivation with the following module actions:
a  x ¼ kðaÞ  x and x  a ¼ x  lðaÞ; ða 2 A; x2 XÞ:
It is easy to see that X is a commutative A-A-bimodule
with this product. We have
DðabÞ ¼ ðk  rÞðaÞ  DðbÞ þ DðaÞ  ðl  rÞðbÞ
¼ rðaÞ  DðbÞ þ DðaÞ  rðbÞ; ða; b 2 AÞ:
Thus, D is a r-module derivation. So there exists a net ðxiÞ 2
X such that DðaÞ ¼ limi drxiðaÞ, ða 2 AÞ. So we have
DðaÞ ¼ lim
i
ðrðaÞ  xi  xi  rðaÞÞ
¼ lim
i
ððk  rÞðaÞ  xi  xi  ðl  rÞðaÞÞ; ða 2 AÞ:
Which shows that D is ðk  r; l  rÞ-approximately inner.
Thus, A is ðk  r; l  rÞ-(AMA). h
Corollary 5 Let A be a Banach A-bimodule. If A is
(AMA), then A is ðk; lÞ- (AMA), for each
k; l 2 HomAðAÞ:
Proposition 6 Let A be a Banach A-bimodule and r
2 HomAðAÞ. Suppose that r is an idempotent epimor-
phism and A is r-(AMA). Then, A is (AMA).
Proof Let X be a commutative A-A-bimodule and D :
A ! X be a module derivation. So eD ¼ D  r is a r-
module derivation, because, for each a; b 2 A and a 2 A
we have
eDðabÞ ¼ D  rðabÞ ¼ DðrðaÞrðbÞÞ
¼ rðaÞðD  rÞðbÞ þ ðD  rÞðaÞrðbÞ;
and
eDðaaÞ ¼ DðrðaaÞÞ ¼ DðarðaÞÞ ¼ aDðrðaÞÞ:
Since A is r-(AMA), there exists a net ðxiÞi2I 2 X such
that eDðaÞ ¼ limiðrðaÞxi  xirðaÞÞ, ða 2 AÞ. Now for each
b 2 A; there exists a 2 A such that b ¼ rðaÞ. Therefore,





ðbxi  xibÞ; ðb 2 AÞ:
So D is approximately inner and A is (AMA). h
Proposition 7 Let A and B be Banach A-bimodules and
r 2 HomAðAÞ and s 2 HomAðBÞ. Suppose that u 2
HomAðA;BÞ be a surjective map such that u  r ¼ s  u:
If A is r-(AMA), then B is s-(AMA).
Proof Let X be a commutative Banach B-A-bimodule
and D : B ! X be a s-module derivation. Then, ðX ; Þ
can be considered as a Banach A-A-bimodule by the
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following module actions:
a  x ¼ uðaÞ  x and x  a ¼ x  uðaÞ; ða 2 A; x2 XÞ:
Therefore, eD ¼ D  u : A ! ðX; Þ is a r-module deri-
vation, because
eDðabÞ ¼ DðuðaÞuðbÞÞ
¼ DðuðaÞÞsðuðbÞÞ þ sðuðaÞÞDðuðbÞÞ
¼ eDðaÞuðrðbÞÞ þ uðrðaÞÞeDðbÞ
¼ eDðaÞ  rðbÞ þ rðaÞ  eDðbÞ; ða; b 2 AÞ:
Since A is r-(AMA), there exists a net ðxiÞi2I 2 X such
that eD ¼ limi drxi . So we have
eDðaÞ ¼ lim
i
rðaÞ  xi  xi  rðaÞ
¼ lim
a
uðrðaÞÞ  xi  xi  uðrðaÞÞ
¼ lim
a
sðuðaÞÞ  xi  xi  sðuðaÞÞ; ða 2 AÞ:
Since u is a surjective map, so DðbÞ ¼ limi sðbÞ  xi
xi  sðbÞ, ðb 2 BÞ. Hence, B is s-(AMA). h
Proposition 8 Suppose that A and B are Banach A-
modules and u 2 HomAðA;BÞ be a surjective map. If A is
(AMA), then B is r-(AMA), for each r 2 HomAðBÞ.
Proof Let X be a Banach B-A-bimodule and
r 2 HomAðBÞ. Then ðX ; Þ is a Banach A-A-bimodule
with the following module actions:
a  x ¼ rðuðaÞÞ  x and x  a ¼ x  rðuðaÞÞ;
ða 2 A; x2 XÞ:
Now, let D : B ! X be a r-module derivation. So eD ¼
D  u : A !ðX; Þ is a module derivation, because for
each a 2 A and a; b 2 A, we have
eDðaaÞ ¼ DðuðaaÞÞ ¼ DðauðaÞÞ ¼ aDðuðaÞÞ;
and
eDðabÞ ¼ DðuðabÞÞ
¼ DðuðaÞÞrðuðbÞÞ þ rðuðaÞÞDðuðbÞÞ
¼ eDðaÞ  bþ a  eDðbÞ:







ða  xi  xi  aÞ
¼ lim
i
rðuðaÞÞ  xi  xi  rðuðaÞÞ; ða 2 AÞ:
Since u is surjective, for each b 2 B, there exists a 2 A,
such that b ¼ uðaÞ. So for each b 2 B we have
DðbÞ ¼ DðuðaÞÞ ¼ eDðaÞ ¼ lim
i
rðuðaÞÞ  xi  xi  rðuðaÞÞ
¼ lim
i
rðbÞ  xi  xi  rðbÞ:
Which shows that D is r-approximately inner. Thus, B is
r-(AMA). h
Let A be a Banach A-bimodule with compatible actions
and J be the closed ideal of A generated by elements of
form ða  aÞb aðb  aÞ, for all a; b 2 A and a 2 A: Then,
the quotient Banach algebra AJ is Banach A-bimodule with
compatible actions [2]. The following Lemma is proved in
[3].
Lemma 9 Let A be a Banach A-bimodule and A has a
bounded approximate identity for A. Suppose that r 2
HomAðAÞ such that rðJ Þ  J . Then br : AJ ! AJ by brðaþ
J Þ ¼ rðaÞ þ J is C-linear.
Proposition 10 Let A be a Banach A-bimodule and A
has a bounded approximate identity for A. Let r be as in
above lemma. If AJ is br-approximately amenable, then A is
r-(AMA).
Proof Let X be a commutative Banach A-A-bimodule. It
is easy to see that J  X ¼ X  J ¼ 0. So X is a Banach AJ -
bimodule with the following module actions;
ðaþJ Þ  x¼ ax and x  ðaþJ Þ ¼ xa; ða 2 A; x2 XÞ:
Suppose that D :A!X be a r-module derivation. Define
bD : AJ ! X by bDðaþJ Þ ¼ DðaÞ, ða 2 AÞ. bD is well
defined [3, Proposition 2.6] and it is C-linear [1, Proposi-
tion 2.1]. Also, it is easy to see that bDðabþJ Þ ¼ bDðaþ
J Þ brðbþJ Þþ brðaþJ ÞbDðbþJ Þ. Moreover according
to the above Lemma, br is C-linear. Therefore, bD is br-
derivation. Thus, there exists a net ðxiÞi2I 2 X such that
bD ¼ limi dbrxi and we have
DðaÞ ¼ bDðaþJ Þ ¼ lim
i
ðbrðaÞ  xi  xi  brðaÞÞ
¼ lim
i
ðrðaÞ þJ Þ  xi  xi  ðrðaÞ þJ Þ
¼ lim
i
rðaÞxi  xirðaÞ; ða 2 AÞ:
Which shows that D is r-approximately inner and therefore
A is r-(AMA). h
In [4], section 3, we stated some properties of r-
approximate contractibility when A has an identity and
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considered some corollaries when rðAÞ is dense in A. In
proof of the following proposition we use those results.
Recall that, the Banach algebra A acts trivially on A from
left if for each a 2 A and a 2 A, a  a ¼ f ðaÞa, where f is a
continuous linear functional on A.
Proposition 11 Let A be a Banach A-bimodule with
trivial left actions and r be as in above lemma. Suppose
that A is r-(AMA). If AJ has an identity and brðAJÞ ¼ AJ ,
then AJ is br-approximately amenable.
Proof By [4, Corollary 3.3.], we can assume that X is a r-
unital Banach AJ -bimodule. Let eþ J be the identity in AJ :
So brðeþ J Þ is a unit for brðAJÞ. Thus by density of brðAJÞ in
A
J , we see that brðeþ J Þ ¼ eþ J . Now let bD : AJ ! X be
a br-derivation. By [4, Lemma 3.7], bDðeþ J Þ ¼ 0. Now
similar to [3, Proposition 2.7], we can see X as a com-
mutative Banach A-A-bimodule and D ¼ bD  p : A ! X
is a r-module derivation, where p : A !AJ is the natural
A-module map. Since A is r-(AMA), there exists a net
ðxiÞi2I 2 X such that D ¼ limi dbrxi and we have,
bDðaþ J Þ ¼ lim
i
ðrðaÞ þ J Þ  xi  xi  ðrðaÞ þ J Þ
¼ lim
i
brðaþ J Þ  xi  xi  brðaþ J Þ; ða 2 AÞ:
Which means that bD is br-approximately inner and br-
approximately amenable. h
Let A be a non-unital Banach algebra. Then,
A# ¼ A C, the unitization of A, is a unital Banach
algebra which contains A as a closed ideal. Let A be a
Banach algebra and a Banach A-bimodule with compatible
actions. Then, A is a Banach algebra and a Banach A#-
bimodule with the following actions:
ða; kÞa ¼ aa þ ka and aða; kÞ ¼ aaþ ak;
ða 2 A; k 2 C; a 2AÞ:
Let A be a Banach algebra and a Banach A-bimodule with
compatible actions and let A# ¼ AA#. Then ðA#; Þ is
a Banach algebra, where the multiplication  is defined by
ða; uÞ  ðb; vÞ ¼ ðabþ avþ ub; uvÞ, ða; b 2 A; u; v 2 AÞ.
Also A# is a Banach A#-bimodule with the following
module actions:
ða; uÞ  v ¼ ða  v; uvÞ and v  ða; uÞ ¼ ðv  a; vuÞ
ða 2 A; u; v 2 A#Þ:
So A# is a unital Banach A#-bimodule with compatible
actions.
A similar result of [5, Theorem 3.1], for approximate
module amenability, is as follows:
Proposition 12 Let A be a Banach A-bimodule, r
2 HomAðAÞ. Then brða; uÞ ¼ rðaÞ  u, ða 2 A; u 2 A#Þ
is in Hom
#
AðA#Þ and the following are equivalent;
(i) A is r-(AMA) as an A#-bimodule.
(ii) A# is br-(AMA) as an A#-bimodule.
Proof It is easy to see that br 2 Hom#AðA#Þ.
i ) 2: Let X be a commutative Banach A#A#-
bimodule and bD : A#! X be a br-module derivation. By
[4, Lemma 3.1], bDð1Þ ¼ 0. So D ¼ bD jA: A ! X is a r-
module derivation. Thus by the hypothesis, there exists a net
ðxiÞi2I 2 X such that D ¼ limi drxi . Note thatX is a commu-
tative Banach A-A#-module and bDða; 0Þ ¼ limi brða; 0Þxi
xibrða; 0Þ, ða 2 AÞ. Also we have
bDða; uÞ ¼ bDðða; 0Þ þ ð0; uÞÞ ¼ bDða; 0Þ þ bDð0; uÞ
¼ bDða; 0Þ; ðða; uÞ 2 A#Þ:
Thus, bD is br-approximately inner and therefore A# is
br-(AMA):
ii ) i: Let X be a commutative Banach A-A#-bimod-
ule and D : A ! X be a r-module derivation. Define
bD : A# ! X by bDða; uÞ ¼ DðaÞ, ðða; uÞ 2 AÞ. Thus bD is
br-A#-module derivation, because,
bDðða; uÞðb; vÞÞ ¼ bDððabþ avþ ubÞ; uvÞ
¼ Dðabþ avþ ubÞ
¼ DðabÞ þ þDðaÞvþ uDðbÞ
¼ rðaÞDðbÞ þ DðaÞrðbÞ þ DðaÞvþ uDðbÞ
¼ ðrðaÞ þ uÞDðbÞ þ DðaÞðrðbÞ þ vÞ
¼ brða; uÞDðbÞ þ DðaÞbrðb; vÞ
¼ brða; uÞbDðb; vÞ þ bDða; uÞbrðb; vÞ;
ða; b 2 A; u; v 2 A#Þ:
and by (ii) is a module bD-approximately inner. Therefore,
D is module approximately inner. So A is r-ðAMAÞ. h
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